ADIABATIC LIMITS OF RICCI-FLAT KAHLER METRICS 



VALENTINO TOSATTI 

Abstract. We study adiabatic limits of Ricci-flat Kahler metrics on a 
Calabi-Yau manifold which is the total space of a holomorphic fibration 
when the volume of the fibers goes to zero. By establishing some new 
a priori estimates for the relevant complex Monge-Ampere equation, 
we show that the Ricci-flat metrics collapse (away from the singular 
fibers) to a metric on the base of the fibration. This metric has Ricci 
curvature equal to a Weil-Petersson metric that measures the variation 
of complex structure of the Calabi-Yau fibers. This generalizes results 
of Gross- Wilson for K3 surfaces to higher dimensions. 



1. Introduction 

In this paper, which is a continuation of [To2j . we study the behaviour of 
Ricci-flat Kahler metrics on a compact Calabi-Yau manifold when the Kahler 
class degenerates to the boundary of the Kahler cone. Given a compact 
Calabi-Yau manifold, a fundamental theorem of Yau [Yl] says that there 
exists a unique Ricci-flat Kahler metric in each Kahler class. If we now 
move the Kahler class inside the Kahler cone, the corresponding Ricci-flat 
metrics vary smoothly, as long as the class does not approach the boundary 
of the Kahler cone. The question that we want to address is to understand 
what happens to the Ricci-flat metrics if the class goes to the boundary of 
the Kahler cone. This question has been raised by Yau and reiterated by 
others, see for example \Y3\ \W \ IMcM] . In our previous work [To2j we have 
studied the case when the limit class has positive volume. In this paper 
we consider the case when the limit volume is zero, and we focus on the 
situation when the Calabi-Yau manifold admits a holomorphic fibration to 
a lower dimensional space such that the limit class is the pullback of a Kahler 
class from the base. 

To state our result, let us introduce some notation. Let (X, lox) be a 
compact Kahler n-manifold with c±(X) = in H 2 (X, R). The condition that 
c\{X) = is equivalent to the requirement that the canonical bundle of X be 
torsion (see |To2] ). and we call X a Calabi-Yau manifold. We assume that 
there is a holomorphic map / : X — > Z where (Z,u>z) is another compact 
Kahler manifold. We denote by Y the image of X under /, and we assume 
that Y is an irreducible normal subvariety of Z of dimension m with < 
m < n, and that the map / : X — > Y has connected fibers. Then loq = f*uz 
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is a smooth nonnegative (1,1) form on X, whose cohomology class lies on 
the boundary of the Kahler cone. We will also denote by ioy the restriction 
of ujz t° the regular part of Y. The map / : X — > Y is an "algebraic 
fiber space" in the sense of |La] and we can find a subvariety S C X such 
that Y\f(S) is smooth and / : X\S — ► Y\f(S) is a smooth submersion 
(S consists of singular fibers, as well as fibers of dimension strictly larger 
than n — m). Then for any y G Y\f(S) the fiber X y = f~ 1 (y) is a smooth 
(n — m)-manifold, equipped with the Kahler form ux\x y - Notice that since 
/ is a submersion near X y , we have that c\{X y ) = c\(X)\x y , and so the 
fibers X y with y G Y\f(S) are themselves Calabi-Yau. Yau's theorem [Yl| 
says that in each Kahler class of X there is a unique Kahler metric with 
Ricci curvature identically zero. For each < t < 1 we call tot the Ricci- 
flat Kahler metric cohomologous to [uq] + t[wjf], and we wish to study the 
behaviour of these metrics when t goes to zero. First of all in [To2j we 
proved the following 

Theorem 1.1 (Theorem 3.1 of [To2| ). The Ricci-flat metrics Qt on X have 
uniformly bounded diameter as t goes to zero. 

The volume of any fiber X y with respect to u>t is comparable to t n ~ m , 
and the Ricci-flat metrics Qt approach an "adiabatic limit". We will show 
that the metrics Qt collapse to a Kahler metric on Y\f(S). 

Our main theorem is the following: 

Theorem 1.2. There is a smooth Kahler metric u on Y\f(S) such that 
the Ricci-flat metrics Qt when t approaches zero converge to f*uj weakly as 
currents and also in the C\f c topology of potentials on compact sets of X\S, 
for any < (3 < 1. The metric to satisfies 

(1.1) Ric(w) = u>wp, 

on Y\f(S), where u\yp is a Weil- Peter sson metric measuring the change 
of complex structures of the fibers. Moreover for any y £ Y\f(S) if we 
restrict to X y , the metrics Qt converge to zero in the C 1 topology of metrics, 
uniformly as y varies in a compact set ofY\f(S). 

This result generalizes work of Gross and Wilson [GW| . who considered 
the case when / : X — ► Y = P 1 is an elliptically fibered K3 surface with 
24 singular fibers of type I\ (see section [5]) . They achieved their result by 
writing down explicit approximations of the Ricci-flat metrics near the adi- 
abatic limit. A similar approach in higher dimensions seems out of reach 
at present. Instead, our main technical tool are some new general a pri- 
ori estimates for complex Monge- Ampere equations on the total space of a 
holomorphic fibration. 

The limit equation (II. ip has first been explicitly proposed by Song-Tian 
[ST1], where uj is called a generalized Kahler- Einstein metric. 

Let us briefly explain the meaning of ujwp, referring the reader to section 
H] for more details. We have already remarked that the smooth fibers X y 
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of / are themselves Calabi-Yau (n — m)-manifolds, polarized by u)x\x y - 
If the canonical bundles of the fibers are actually trivial we get a map 
from Y\f(S) to the moduli space of polarized Calabi-Yau manifolds and 
by pulling back the Weil-Petersson metric we get a smooth nonnegative 
form ojwp ° n Y\f{S) (a similar construction goes through in the case when 
the fibers have torsion canonical bundle). Notice that lowp is identically 
zero precisely when the complex structure of the fibers doesn't change. The 
appearance of the Weil-Petersson metric in the more general setting of adi- 
abatic limits of constant scalar curvature Kahler metrics was observed by 
Song-Tian |ST1| . and further studied by Fine [Fij and Stoppa [St] . 

There are two possible situations that we have in mind for our setup: in 
one case Y is smooth, and then we can just take Z = Y . In the second 
case we take Z = ¥ N with ujz the Fubini-Study metric, and then Y is an 
algebraic variety. A natural class of examples where this situation arises is 
the following: X is a a projective Calabi-Yau manifold and L is a semiample 
line bundle over X with Iitaka dimension n(X, L) = m < n. Then a classical 
construction of Iitaka (see 2.1.27 in [La] ) gives a holomorphic map / : X — » 
F N exactly as in the setup. Note that if the log Abundance Conjecture 
holds then every line bundle L with cohomology class on the boundary of 
the Kahler cone and with k(X, L) = m < n is automatically semiample (see 
[To2] ) . This is known to hold if n = 2. 

The organization of the paper is the following. In section [2] we set up 
the problem as a family of degenerating complex Monge- Ampere equations 
and state our estimates that imply the main result. In section [3] we prove 
a priori C 2 estimates for these equations as well as C 3 estimates along the 
fibers. In section [4] we use the estimates to prove our main theorem, and in 
section [5] we provide a few examples. 

Acknowledgments. I would like to thank my advisor Shing-Tung Yau 
for suggesting this problem and for constant support. I also thank Chen- 
Yu Chi, Jian Song, Gabor Szekelyhidi and Ben Weinkove for very useful 
discussions. I was partially supported by a Harvard Merit Fellowship. These 
results are part of my PhD thesis at Harvard University |To3] . 

2. Complex Monge-Ampere equations 

In this section we translate our problem to a family of degenerating com- 
plex Monge-Ampere equations, and we state our estimates. 

First of all let us recall our setup from the introduction: (X,lox) is a 
compact Kahler manifold of complex dimension n with c\(X) = 0, or in 
other words a Calabi-Yau manifold. We have a map holomorphic map / : 
X —* Z, where (Z,uz) is another compact Kahler manifold, with image 
Y C Z and so that / : X — > Y has connected fibers. Y is assumed to be 
an irreducible normal subvariety of Z of dimension m with < m < n, 
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and we let wy be the restriction of u>z to the regular part of Y. We also 
set ojq = f*u>z, which is a smooth nonnegative (1, 1) form on X whose 
cohomology class lies on the boundary of the Kahler cone. There is a proper 
subvariety S C X such that Y\f(S) is smooth and / : X\S — ► Y\f(S) is 
a smooth submersion. Yau's theorem |Ylj says that in each Kahler class 
of X there is a unique Kahler metric with Ricci curvature identically zero. 
For each < t < 1 we call (b% the Ricci-flat Kahler metric cohomologous to 
[loq] + t[wx], and we wish to study the behaviour of these metrics when t 
goes to zero. On X we have 

uJq A u)"x k = 0, 

for m + 1 < k < n, and 

(2.1) oj^Aul~ m = Huj x , 

where the smooth non-negative function H vanishes precisely on S and is 
such that is in L 1 for some small 7 > 0. This is because H is locally 
comparable to a sum of squares of holomorphic functions (the minors of the 
Jacobian of /). In particular it follows that 

^ A c4" m > 0. 

For later purposes we need the following construction. Let Z be the ideal 
sheaf of f(S) inside Z. We cover Z by a finite number of open sets so 
that on each the ideal X is generated by holomorphic functions hkj, with 
1 < j < Nfc. We then fix % a partition of unity subordinate to the covering 
{Uk} and we let 

(2-2) a = Y,Vk\h k)J \ 2 , 

if S 7^ and otherwise we just set a = 1. Then a is a smooth nonnegative 
function on Z with zero locus precisely f(S) and there is a constant C so 
that on Z we have 

(2.3) a < C, < ^-Ida A~5a< Cuj z , ~Clu z < V^lOda < Clu z . 
Then for any y £ Y\f(S) we have the inequality 

(2.4) a(y) x <CMH, 

Xy 

for some constants C, A, and we are free to enlarge A if needed. This is 
because both of the function H and f*a on X are locally comparable to 
a sum of squares of holomorphic functions and they both have zero set 
equal to S. By taking a log resolution of the ideal sheaf of S inside X 
and we can assume that S is a divisor with simple normal crossings, and 
then the holomorphic functions have well defined vanishing orders along the 
irreducible components of S, and (12. 4h follows. 
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In this setting we look at the Kahler forms u% = ujq + tuj x for < t < 1, 
which are cohomologous to the Ricci-flat metrics Cot- We then define a 
smooth function E by 

Ric(wx) = V^lddE, [ e E uo x = [ wj, 

Jx Jx 

which is possible thanks to the <9<9-lemma. Then the equation Ric(cD 4 ) = 
is equivalent to 

u)™ = a t e E uj x , 



where 

Ix^'t 



a t 



Using the 93-lemma again, we can find smooth functions ipt for < t < 1 
so that uj t = uj t + ^/—ldd(ft, sup x ft = and we have 

(2.5) (cat + ^Idd^tT = a t e E uj x . 

Notice that as t approaches zero, the constants at behave like 



n—m 



(2.6) ( n ) k<^A t n~m + 0(t n-m +U 



We can then write (|2.5p as 

(2.7) {ut + V^lddip t ) n = c t t n - m e E u: x , 

where the constant ct is bounded away from zero and infinity as t goes to 
zero. Equation (|2.7p has been studied for example in [KTJ where a uniform 
L°° bound on tp t was conjectured. When m = 1 such a bound can be easily 
proved using the Moser iteration method (see [ST1]). The bound in the 
general case was then proved independently by Demailly and Pali [DPJ and 
by Eyssidieux, Guedj and Zeriahi [EGZ2] : 

Theorem 2.1 ( |DPl IEGZ2] ). There is a constant C that depends only on 
X, E, wx,wo such that for all < t < 1 we have 

(2.8) H^Hioo < C. 

Our goal is to show higher order estimates for ipt which are uniform on 
compact sets of X\S. Notice that since 

and since tr^^^t is uniformly bounded, we always have a uniform lower 
bound for \ Jx tp t . 

The following are our main results, and together they imply Theorem 1 1.21 

Theorem 2.2. There are constants A,B,C that depend only on the fixed 
data, so that on X\S and for any < t < 1 we have 

(2.9) / _ x u x <ut< Ce MBa '\ x , 
C e 
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where a is defined by (|2.2p . In particular the Laplacian A 0Jx ipt is bounded 
uniformly on compact sets of X\S, independent oft. 

Theorem 2.3. Given any y G Y\f(S) denote by X y the fiber f~ 1 (y), by 
LOy the Kahler form u>x\x y and by u y the restriction of the Ricci-flat metric 
&t\x y - Then there are constants A,B,C that only depend on the fixed data, 
so that on the fiber X y and any < t < 1 we have 

(2.11) \Vu y \l y <tV*Ce A ^ r \ 

where V is the covariant derivative of uj y . In particular the metrics uj y 
converge to zero in C 1 (c<Jj / ) as t approaches zero, uniformly as y varies in a 
compact set ofY\f(S). 

Theorem 2.4. As t — ► the Ricci-flat metrics u> t on X\S converge to 
f*uj, where uj is a smooth Kahler metric on Y\f{S). The convergence is 
weakly as currents and also in the C\f c topology of Kahler potentials for any 
< (3 < 1. The metric uj satisfies 

Ric(u;) = uwp, 

on Y\f(S), where uiwp is the pullback of the Weil-Petersson metric from 
the moduli space of the Calabi-Yau fibers, and it measures the change of 
complex structures of the fibers. 

3. A PRIORI ESTIMATES 

In this section we prove a priori C 2 estimates for the degenerating com- 
plex Monge- Ampere equations that we are considering, and we also prove 
C 3 estimates along the fibers of /. 

We start with a few lemmas. 

Lemma 3.1. There is a uniform constant C so that for all < t < 1 we 

have 

(3.1) tr&uo < C. 

Proof. Recall that we are assuming that loq = f*u)z where / : X — > Z is a 
holomorphic map. We can then use the Chern-Lu formula that appears in 
Yau's Schwarz lemma computation |Y2} ITolj and get 

logtr^wo > -AtT£j t u , 

for a uniform constant A. Noticing that 

Aa t <ft = n- tTQ t u t <n- tr^wo, 

we see that 

(3.2) A^(logtr^ - (A+l)<pt) > tr^ - n(A+l). 
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Then the maximum principle applied to (13.2|) . together with the estimate 
(USD , gives JO> . □ 



The next lemma, which gives a Sobolev constant bound, is due indepen- 
dently to Allard [A] and Michael-Simon |MSj . 

Lemma 3.2. There is a uniform constant C so that for any < t < 1, /or 
any y G Y\f(S) and for any u G C°°(Xj / ) we have 




(3.3) ( / \u\^^- m J <C (|V< + M 2 K~ m 

Proof. For any y G Y\f(S) the fiber is a smooth (n — m) - dimensional 
complex submanifold of X. Since X is Kahler, it follows that X y is a minimal 
submanifold, and so it has vanishing mean curvature vector. We then use 
the Nash embedding theorem to isometrically embed (X, lux) into Euclidean 
space, and so we have an isometric embedding X —* M. . The length of the 
mean curvature vector of the composite isometric embedding X y — > X — ► 
~M, N is then uniformly bounded independent of y, since it depends only on 
the second fundamental form of X — > M. N . Then f)3. 3|) follows from the 
uniform Sobolev inequality of pU|MS]. Notice that they prove an L 1 Sobolev 
inequality, but this implies the stated I? Sobolev inequality thanks to the 
Holder inequality. □ 

One can easily avoid the Nash embedding theorem by using a partition 
of unity to reduce directly to the Euclidean case, but the above proof is 
perhaps cleaner. 

We note here that the volume of X y with respect to uj y , j x Lo y ~ m , is a 
homological constant independent of y G Y\f(S), and up to scaling tox we 
may assume that it is equal to 1. The next step is to prove a diameter bound 
for uj y : 

Lemma 3.3. There is a uniform constant C so that for any < t < 1, for 
any y G Y\f(S) we have 

(3.4) diam(X y , uj y ) < C. 

Proof. As above we embed (X, tox ) isometrically into M. N and we get that the 
length of the mean curvature vector of the composite isometric embedding 
X y — > X — > W N is then uniformly bounded independent of y. We can then 
apply Theorem 1.1 of |Tp| and get the required diameter bound. 

Alternatively, first one observes that f|3.3|) implies that there is a uniform 
constant n so that that geodesic balls in X y of radius r < 1 have volume at 
least Kr 2 ( n - m ) (Lemma 3.2 in |HJ). Since the total volume of X y is constant 
equal to 1, an elementary argument gives the required diameter bound. □ 

The next step is to prove a Poincare inequality for the restricted metric 
ujy. This time the constant will not be uniformly bounded, but it will blow 
up like a power of jj, where H is defined in (|2.ip . To this end, we first 
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estimate the Ricci curvature of uo y . Fix a point y G Y\f(S) and choose 
local coordinates z , z n ~ m on the fiber X y , which extend locally to co- 
ordinates in a ball in X. Then pick local coordinates w n ~ m+ , . . . ; w n near 
y G Y\f(S), so that z 1 ,..., z n ~ m , z n ~ m+1 = f*(w n - m+1 ), . . . , z n = f*(w n ) 
give local holomorphic coordinates on X. We can also assume that at the 
point y the metric wy is the identity. At any fixed point of X y we then have 

^jn—m 

Ric(wy) = -v^d^log. 



dz 1 A • • • A dz r 

i , n ~ m a , ,m 



dz 1 A • • • A dz n 



dz 1 A • • • A cte" 

(3.5) = — /^Taaiog # - v^s^iog 

> - 5L - ^ + Ric(a;x)U !/ 

{ C \ C 

>-{—+Cj Uy>-—Uy, 

where all derivatives are in fiber directions. Combining (|3.5p and (|2.4p we 
see that the Ricci curvature of u> y is bounded below by — Ca~ x . Since the 
diameter of oo y is bounded by Lemma 13.31 a theorem of Li-Yau [LYJ then 

shows that the Poincare constant of u) y is bounded above by Ce Ba A . This 
proves the following 



Lemma 3.4. There are uniform constants A, B, C so that for any < t < 1, 
for any y G Y\f(S) and for any u G C°°(A A 2/ ) wzi/i J x itw^ m = we /icwe 

(3.6) / |u| 2 u;,"- m < Ce BCT ~ A / |Vn|^™-"\ 

We now let u> y be the restriction 0Jt\x y - We have the following estimate 
for the volume form of u y on X y : 

rn-m ~n-m , m ~n-m , m ,~,n 



n—m n—m A , ,m ,~,n tj, ,n 

Uy U x A UJq U> t tl L0 X 

< 



, ~,n-\ a . \ m „ + n—m„E 

(3.7) ^ I u t A \ Qt 



if 

Ctt n-m e E Ct n ~ m 



(tr^o;o) m ^— < 



Notice that when we restrict to X y we have 

Q y = (u + tu x + V^ldd(pt)\x y = tu y + (y/-Lddipt)\x y - 
It is convenient to define a function ip t on Y\f(S) by 

,n—m 



ft(y) = / v*w 
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This is just the "integration along the fibers" of <pt, and we will also denote 
by (ft its pullback to X\S via /. We also define a function on X\S by 

i> = t {ft - ft) , 

so that we have J x ipujy~ m = and on X y we have 

(3.8) K + ^iddiPY- = < - x ^. 

We can then apply Yau's L°° estimate for complex Monge- Ampere equations 
[Yl| to the inequality (|3.8p . Since the volume of X y is constant equal to 
1, the Sobolev constant of oo y is uniformly bounded (Lemma 13. 2p and the 
Poincare constant is controlled by Lemma 13.41 Yau's L°° estimate gives 

(3.9) sup | ip t -<£t\ =t sup \tfj\ <tCe Ba( > yr \ 

Xy Xy 

where we increased the constant B to absorb the term <r~ A in (|3.8p . Recall 
that from (|2.8p we have a uniform bound for the oscillation of ipt- 

Proof of Theorem \2.2l First we will show the right-hand side inequality in 
(|2.9p . We will apply the maximum principle to the quantity 



-A 



K = e~ Bry " ( logtr^tDi -—((ft- <£t_, 



where A is a suitably chosen uniform large constant. The maximum of K 
on X\S is obviously achieved, and we will show that K < C for a uniform 
constant C. This together with (|3.9|) will show that on X\S we have 

(3.10) A Ux ip t = tr ux uj t - tr UJX uo - nt <tr UJX uj t < Ce CeBa , 

which is half of (|2,9p To do this, we first compute as in Yau's C 2 estimates 

[yti 



A& t logtr Wx (D t > -Ctr^wx - C, 
for a uniform constant C. On the other hand 

<n-t- tr^wx, 

and so if ^4 is large enough we get 

. / A \ C7 

A& t I logtr Wx cJi - — p t J > tr^wx - — • 

Since / is locally a submersion on X\S, the fiber integration formula 

dd<pt = MddtptAuT m ) 
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holds. So we can compute that 

= ticM(ut-u h )f\u n x ~ m ) 

(3.11) > -trMcot Mo n x ~ m ) 



= -tv^-tti ait h{u Jx - m+l ). 

On Y\f(S) the Kahler form /*(o/£~ m+1 ) can be estimated by 

m— 1 . i i n—m+l\ e i m— 1 A ra— m+l\ 

M<*> X ) < w ^ = -~ w ^ 

(3.12) < C 0^ - C — Wy 



< Oct — u>y = Ccr loy ■ 



and so using (13. ip we get 

Ac^jpt >~C- tCa-\ 

It follows that 

A , \ C 



(3.13) Au t ^logtr Wx u)i - —((ft - <£t)j > txc t ux - — -Co . 

Using (|2.3p and (|3.1|) we have that 

(3.14) |Aa t <7| < Ctr^wo < C, 

(3.15) |Vcr|| t < Ctr^o < C, 
Using (|3.13p we then compute 



&ChK > e~ B(7 ' X ( tTQtUx - - - Ca- X 



C 
t 

Bcr- X 



+ ( logtr^wt - —((ft - ip t ) )Aa t [e 
(3.16) V * 



+ 2e Ba Re(VK,Ve- Ba ~ 
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Using (12. 3|) . (j3.14j) and (|3.15j) . the second term in (I3.16|) can be estimated 
as follows 

A - ( 6 ) = ^ + a 2A + 2 l V < 

^A(A + l)e-^ A |V7 |2 
3X5 l V(J 

(3.17) 



0-A+2 I " W 

> -c 



a X+2 



At the maximum of K we may assume that K > 0, otherwise we have 
nothing to prove. Hence we can use (|3.9|) to estimate 



logtr wx &f - — {(fit -(ft) ) A& t ( e 

(3.18) 

> -C — r-^-logtr Wx LDi 



a A+2 ^"wx"! ^A+2' 



The fourth term in (|3.16p can be estimated using (|3. 15|) 
(3.19) \Ve~ B °- X \l t = - A * ,„ iVali < C 



a 2A+2 I l^t — Q-2A+2 ' 



-2 (logtr^ - j&t-Vt) ) e B °- X \Ve- 1; " X ' 2 
(3.20) V 

, e~ B<T . . C 



^ - C ^2AT2- lo g tr -x^ " -2AT2- 



Plugging (|3.18p and (|3.20p in (|3.16p . at the maximum point of K we get 



C C C e 
> tr^wx - — r ktt^ \og\x ux Ut - C 



Ba~ x 



t a X a 2X+2^^x-t ~ a2X+2 

Since for any two Kahler metrics w,w we have 



(3.21) tr w w < (tr^)™- 1 ^-, 

ijj n 

we see that 

tr^ < Ct n - m {iv^x) n - X < C(ti^uj x ) n -\ 

and using this and the inequalities 2ab < ea 2 + b 2 /e and (log re) 2 < x + C 
we get 

C C C e BcjX 1 

ti^x <~ + ^ + ^4 + C^2aZ2 + -tr^x, 

whence 

C X 
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At the same point we then get 

tr^wt = tr^(cj + tu x ) <C + tCe Ca ~\ 
and using (|3.2ip we get 

(3.22) ti^ut < (tv^ut)* 1 - 1 ^- <(C + tCe c °~ 



, it 

We now use ([27TJ) , <^7$ and ([23]) to get 

Co? Ct n - m u\ C C 
V ' ; ~~ uJq 1 A (tu>x) n ~ m H ~ a x ' 

Combining (EHU and (|333j) we get 

tr^A < Ce Ca ~\ 

for some uniform constant C . But we also have oj t = loq + tuJx < Ccux and 
so we get 

tr Wjf w* < Ce Ca ~ X . 
Using (|3.9p again, this implies that at the maximum of K we have 

K<C + e- Ba ' X log(Ce Ca ~ X ) < C. 



We now show the left-hand side inequality in (|2.9j) . To this extent we 
apply the maximum principle to the quantity 

Ki = e~ B ^ X (\og{t ■ tT Qt u x ) -j((pt- <£t)) , 

where A is a suitably chosen uniform large constant. The maximum of K\ 
on X\S is obviously achieved, and we will show that K\ < C for a uniform 
constant C. This together with (|3.9p will show that on X\S we have 

(3.24) ti^ux < je Ce 

which is the other half of (|2.9|) . To prove that K\ < C we use the maximum 
principle and, as in (I3.16|) . we compute 

A^i > e~ B ^ X (tv^ux - - - Ca- X 



t 



(3.25) 



+ | log(i • tr^wx) - y (^ - ^t) | A,. | r 



-Bcr 



-A 



+ 2e B<T Re(ViTi,Ve- i3,T_ 



2 ( log(t • tv^x) - jfa - <pt) ) e B °~ X |Ve- LV ' X 2 



ADIABATIC LIMITS OF RICCI-FLAT KAHLER METRICS 



13 



We estimate this in the same way as before and get 



(3.26) e~ Ba X , . C 



a 2\+2 " U '" A ' a 2\+2 

+ 2e B °- X Re(VK 1 ,Ve- B °~ X ) Cut . 
At the maximum of K\ we get 

C C C a 
> tr^wx - — r otto log(f • tr^wx) - C , e c<T , 

and using the inequalities 2ab < ea 2 + b 2 /e and (logx) 2 < x + C we get 

C C C „ /-<„-a 1 

whence 

* • tr^wx < C + tt7e c<r ~* < Ce c<r ~\ 
and so at that point 

#i < C + e- BCT_A log(C7e c,J " A ) < C, 

and we are done. □ 

Proof of Theorem \2.3l We will first show (|2.10[) , which is an easy conse- 
quence of (|2.9|) . The left-hand side follows immediately from (I2.9p . which 
implies 

C - 

7 

Then (13T2TJ) and <^7$ give 



(3.27) tr^ < ^e Cei: 



-X 



(3.28) tr^ < (tr^)"-"^-^ < t—~ x < tCe 

Uly U 

which proves (|2.10p . 

Next, we show ([2TTTj) . Recall from (gJOj) and (133111 that on X\5 we have 

(3.29) tr wx cD t < Ce 006 ^ . 

(3.30) tr^w x < -e CoeSCT , 

for uniform constants B,C,Cq. We apply the maximum principle to the 
quantity 



K 2 = e~ AeB ^ ( S + C^^—tr Ux ut , , 



-A / p 3C e s -" 



for suitable constants A, C, where the quantity S is the same quantity as in 
EH: 

|2 



5 = iVwtli 
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where V is the covariant derivative associated to the metric u)x- Using <p t 
we can write 

where again lower indices are covariant derivatives with respect to ux, and 
where are the components of ljq. We are going to show that K2 < 
and using (|3.29|) this implies that 

(3-31) S < 

We now use f)3.28j) . which says that on X y we have 

(3.32) tr^Qy <tCe CoeB °~\ 

At any given point of X y we can assume that uox is the identity and u>t is 
diagonal with positive entries Aj, 1 < i < n, so that the first n — m directions 
are tangent to the fiber X y . Then (|3.32p gives that 

(3.33) Ai < tCe CoeB °~\ 
for 1 < i < n — m. Then using (|3.3ip we see that 

n-m j n 1 Ce AeB " X 

? w^ 1 ^' 2 - ? + ^ Jfc|2 = 5 - 

i,j,k=l J i,j,k=l J 



where we have used that g°-r vanishes whenever 1 < i,j < n — m since 
Uo\x y =0. Using (|3.33p we get 

n—m 

and this is OTlj) . 

We now prove that < 7^2- To simplify the computation, we will use 
the notation 

?{x) =e xeB °~\ 

where a; is a real number, and we note here that T is increasing. The starting 
point is a precise formula for A^ t «S. This is just Yau's C 3 estimate |Y1| . 
but without assuming that the metrics u>t and ujt = UQ + tux are equivalent, 
and it is done in a more general setting in |TWY| (see also [PSSJ). With 
the notation of |TWY| we can write 

We then choose local unitary frames {6 1 , . . . , n } for and {9 1 , . . . , 9 n } 
for Cjti and write 
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for some local matrices of functions a jj&j- Notice that at any given point 
we can choose the frames and arrange that 

(3.34) 
(3.35) 



Then in our case |TWY} (4.3)] reads 



(3.36) 



n i h m h s Ft 1 n r h q -I- n i h m h q h s h u R J 
a j°k °p n mqs a £p°r + a j°k £°p°p n mqs,u 



where we are summing over all indices, R J mq g represents the curvature of ujx 
and R J mq s U its covariant derivative (with respect to u>x)- Since these are 
fixed tensors, we can use the Cauchy-Schwarz inequality and (|3.34p . (|3.35p 
to estimate the first term on the right hand side of (|3.36p by 



< 



i,k,£,r,p 



A, 



< 



o EM Ef E E 



In* I 2 
\ a kl\ 



E 



i |2 



rp 



k,£,r,p 



A |2 
l k£\ 



^ ] \ a rp\ 



. t,r,p 



= CS (tr Wx cDt ) 2 (tr<3 t wi ) 2 . 

The second and third term in (|3.36p are estimated similarly, while the fourth 
term can be bounded by 



2Re ( n l n i h7 l b q h s b u F? : > 



i,k,£,p 



A; 



AfcA^A 2 



< 



^(e^) 2 (e^) 2 Ek,i 

V 3 I V 1 g / i,k,t 



Overall we can estimate 

(3.37) A^S > -CSitT^xf 12 ^^) 112 - CVSitx^xf^^t) 112 . 
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On the other hand from |TWYl Lemma 3.3] we see that 



> 



= C(tra t wx)(tr wx £t). 

We now insert (13301) in (13371) . (13381) and get 

(3.39, A S , 5 >_™ S _£™>^, 



fcFC-O,) c C^(2C ) 
C 

We then compute 



Acj t ti Wx uj t > -p, S 



( 3 - 4 °) +^Re(V^(3C ),Vtr Wx cD t )^ t 

1 

and estimate 



+ ^77 (tr Wx w t )Aj )t ^ r (3Co), 



Re^SQ^Vtr^)^ > -|V^(3C )UJVt 
Using |TWYl (3.20)] we see that 

|Vtr Wjs .a>t|w t < ^(tr Wx u; t ). 

On the other hand a direct computation using f|3.14j> and (13.15|) shows that 
there is a constant C such that for any real number x we have 

|V.F(x)U <OF(s + l), 
|A^ t ^(x)| <OF(z + l), 

and so we have 

45/2 • 
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This and ([3789]) give 

A *t [ S + t s/2 tr ^^ J ^ ^7^ 5 P V5 

OF(5C ) OF(5C ) ^ OF(5C ) 



and 



£1/2 t 5/2 t 5/2 

^ F(2C ) C^(5Cq) CT(5C ) ^ 



a^k 2 > h-a) — ^ 

CF{l)S - CH f!i + 1) ) + 2F(A)Re(VK 2 , VF(-A))^ 



(3.42) v ' t 5 / 2 



> 7T, _ A , ( W 5 CF(5C ) CT(5C ) 



C7t3/2 t 7/2 t 5/2 

+ 2^(A)Re(Vi^ 2 , V^(-A))^. 
At the maximum of K 2 we then get 

CnsCo) k , CT(3C ) 

which implies that 

C.T(6Co) 
" P ' 

and so 

K 2 = H-A) [S + t5/2 tr ux ut j < H-A) t5/2 < 

if we choose A > 6Cq. □ 

Remark. In the estimates proved in this section we have repeatedly used 
the fact that the metrics u>t are Ricci-flat. If instead one is dealing with the 
general equation (|2.7p . the only estimate that does not generalize immedi- 
ately is (|3.ip (which requires that the Ricci curvature of u>t be nonnegative) . 

Remark. In the context of collapsing of the Kahler-Ricci flow on pro- 
jective manifolds with semi-ample canonical bundle and positive Kodaira 
dimension, parabolic analogues of the C 2 estimates ([179]), OTlOD were proved 
by Song-Tian in |ST3| . 

4. Collapsing of Ricci-flat metrics 



In this section we use the estimates from section [3] to prove that the Ricci- 
flat metrics collapse to the base of the fibration. 
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We first explain the meaning of the Weil-Petersson metric, following the 
discussion in [ST2J . Recall that the Ricci-flat Kahler metric on X cohomolo- 
gous to uj\ = ujq + ojx is denoted by We will call Q = Co™ its volume form. 
The generic fiber X y of / is an (n — m)-dimensional Calabi-Yau manifold, 
and it is equipped with the Kahler form u> y = ujx\x v - 

Recall that the volume of X y is a homological constant independent of y, 
and that we assume that it is equal to 1. Since c\{X y ) = 0, there is a smooth 
function F y such that Ric(o; v ) = V^lddF y and f x (e F » - l)u^~ m = 0. The 
functions F y vary smoothly in y, since so do the Kahler forms u y . By Yau's 
theorem there is a unique Ricci-flat Kahler metric los Fy on X y cohomologous 
to u y , given by the solution of 

(A-\\ , ,n—m _ F y n-m 

If we write 0JsF,y = u y + \/—lddC, y , the functions ( y vary smoothly in y and 
so they define a smooth function £ on X\S. We then define a real closed 
(1, l)-form ujsf on X\S by losf = wi + \^—ldd(, and call it the semi-flat 
form. Notice that usf is n °t necessarily nonnegative (it is Kahler only in the 
fiber directions), but on X\S the (n, ra)-form ^""Aw™ is strictly positive, 
and so we can define a smooth positive function F on X\S by 

(42) F = n-il^ 

We claim that F is actually constant on each fiber X y , and so it is the 
pullback of a function on Y\f(S). To see this, fix a point y £ Y\f(S) and 
choose local coordinates z 1 , . . . , z n ~ m on the fiber X y , which extend locally 
to coordinates in a ball in X. Then take local coordinates w n ~ m+1 , . . . , w n 
near y £ Y\f(S), so that z 1 , . . . , z n ~ m , z n ~ m+1 = f* (w n -' m+1 ),..., z n = 
f*(w n ) give local holomorphic coordinates on X. In these coordinates write 

n 

^o = v^T a^dz^dz^ 

i,j=n—m+l 
n—m 

U S F,y = V-L Yl 9 i/ dzl A 
ft = GiV^lTdz 1 A • • • A dz n . 
G 



Then locally 



F 



det( 5 |)det(^) 



and so on the fiber X y we have 



V^ldd\ogF = -Ric(tDi) + Ric(u S F,y) = 0, 

because ujq is the pullback of a metric from Y, and so F is indeed constant 
on X y . Moreover, it is easy to check [ST2[ Lemma 3.3] that on Y\f(S) we 
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have 



and so 



Y 



iy Jx jx 

is finite. In fact there is a positive e so that f Y F 1Jr£ u>Y is finite [ST2, 
Proposition 3.2]. Then we apply [ST2} Theorem 3.2], which relies on the 
seminal work of Kolodziej [K] and further generalizations [EGZUE], to solve 
(uniquely) the complex Monge- Ampere equation 



-in 



(4.3) (w y + V^lddiP) m = ±4—^ ^Fuj 



Jx w i 



with ip G L°°(y) and moreover tp is smooth on Y\f(S) (the proof of this 
follows the arguments of Yau in [Yl] ) . We will call to = wy + \/—lddip the 
Kahler metric on Y\f(S) that we've just constructed. Its Ricci curvature is 
the Weil-Petersson metric that we are about to define. Recall that the fibers 
X y have torsion canonical bundle, so that there is a number k such that K® y 
is trivial for all y G Y\f(S). The Weil-Petersson metric is a smooth nonneg- 
ative (1, l)-form on Y\f(S) defined as the curvature form of a pseudonorm 
on the relative canonical line bundle /*(^^yy if ^ y is a local nonzero 

holomorphic section of /*(^^yy ) <Xlfc , which means that ^ y is a nonzero holo- 
morphic /c-pluricanonical form on X y that varies holomorphically in y, then 
we let its length be 

\*v\l WP = [ (^yA^)i 

J Xy 

For k > 1 this is not a Hermitian metric, but just a pseudonorm. The Weil- 
Petersson metric u>wp on Y\f(S) is just formally the curvature of hwp, 
that is locally we set 

wwp = -V^lddlog\^ y \l wp , 
and this is well-defined because the bundle K^ k is trivial. It is a classical fact 



(see |FSj ) that uy/p is pointwise nonnegative. As an aside, we note here that 
one can realize ujwp as the actual curvature form of an honest Hermitian 
metric on a relative canonical bundle if one takes a finite unramified k- 
sheeted cyclic cover X — > X so that the smooth fibers of X — > Y now have 
trivial canonical bundle. 

Proposition 4.1 (cfr. [ST2] b On Y\f(S) we have 
(4.4) Ric(cj) = ujwp- 

Proof. Differentiating (|4.3p we see that 

Ric(w) = Ric(wy) - y/=Td5\ogF. 
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If we fix y £ Y\f(S) and choose Vt' a local never vanishing holomorphic 
section of /*(^^7y then we can define a local function u = ^^Jj on 
X\S', which is constant on each fiber X y . Since J x uj^p 771 = 1, we see that 

—\/—ldd logu = iowp- 

Then 

, ? ,o 

(4.5) Ric(w) = Ric(u y ) - v^lddlog 



Picking local coordinates as above, and writing 

f = ^[(^T)™-" 1 ^ 1 A • • • A dz n ~ m f k , 
n 

uj = ^1 Yl g-^Adz^ 

i,j=n—m+l 

fl = GiV^lTdz 1 A • • • A dz n , 
u£l uG 



we see that 



($A$)iA< det( 5 .)' 
and since K is holomorphic and 0, is Ricci-flat we see that 

— V 7 — l«991og 2~~ = ^WP — Ric(wy), 

l^dette?,) 

which together with (|4.5p gives (|4.4p . □ 

With these preparations, we can now show Theorem 12.41 which can be 
recast as follows 

Theorem 4.1. Consider the Ricci-flat metrics u>t on X , which can be writ- 
ten as ut = u>o + tux + \f-lddipt- As t — > 0, we Ziawe ip t ^ i(j in the C\f c 
topology on X\S, for any < /3 < 1, and so (2>t converges in this topology to 
uj, which satisfies (|4.4p . Moreover also converge to uj weakly as currents 
on X. 

Proof. We first prove that u>t converges to uj in the weak topology of currents. 
Since the cohomology class of cut is bounded, weak compactness of currents 
implies that from any sequence t{ — > we can extract a subsequence so 
that uj^ converges weakly to a limit closed positive (1, l)-current uj, which 
a priori depends on the sequence. If we write u> = ujq + \/—lddp, it follows 
that ipt. — > in L , and from the bound (|2.8p we infer that ip is in 
Moreover restricting uj to any smooth fiber X y we see that 

and the maximum principle implies that <p is constant on each fiber, and so 
descends to a bounded function (p on Y\f(S). We will show that (p satisfies 
the same equation (|4.3p as ip, and so by uniqueness <p = ip. To this end 
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we fix an arbitrary compact set K C Y\f(S), and we wish to show that ip 
satisfies f)4.3f) on K. 

We then fix 77 a smooth function with support contained in K, and we 
will also denote by r/ its pullback to X via /. Recall that we have called 
u)i the Ricci-flat metric in the class [toi], and f2 = cD™. Then from the 
Monge- Ampere equation (12. 5j) we have 



(4.6) / t?0 = - / V (lo + tu x + V^ddtpt)", 

Jx at Jx 

where the constants at are equal to 

■/>? 
Ix< 

and behave like (j2.6f) . We can also write 



(4.7) / r?0= / r/Fu^Ac^. 

ii ii 

We are now going to estimate ^ J x f](u>o + tu>x + V—ldd<pt) n ■ We have 

- / V {ojo + tux + V^lddiftT 
at Jx 

= — 7] ((uq + \f-ldd(pt) + (iwx + \f^ldd((pt - <£t)) n 
at Jx — — 

= ^ X 77 ^ (*) (W ° + ^ T ^ )fc A + " ¥t)) n ~ k 

First of all observe that the form ujq + ^—lddift is the pullback of a form 
on Y, and it can be wedged with itself at most m times, so all terms in the 
sum with k > m are zero. Next, we claim that all the terms with k < m go 
to zero as t — > 0. To see this, start by observing that on the compact set K 
the estimate (|3.29p gives a constant C (that depends on K) such that 

(4.8) - Cu x < V-Lddip t < Cu X - 
Moreover from the equation 

0% = Mdd<p t Atu x - m ) 

together with (|4.8p . (|3.12p . we see that on f(K) we have 

(4.9) - Cu Y < y/^lddift < Cloy- 
We also need to use (|3.9p which on K gives 

(4.10) sup \ip t ~ <Pt\ < Ct. 

K 

Then any term with k < m is equal to 

ffi I r,(u + V^ldd^f A (t^x + ^=10%* - ^)) n " fc , 
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and it can be expanded into 
n — k 



a t 



i=0 



r](u + V-lddtp t ) k A (tu x ) 



\n—k—i 



A {y/^idd&t - <pt)Y. 



X 



On A" the (1, l)-form u +V-Lddipt is bounded by (fO]> . Since a t = 0(t n " m ) 
from (|2.6p . we see that the term in this sum with i = goes to zero. Any 
term with i > is comparable to 

_i_ / - ^V^ld-dn a ( Wo + v^T5%) fc a (^ x )"- fc - l A 

(4.11) 1 ix 

A( v ^T^-^)) i - 1 . 

Notice that all the (1, l)-forms appearing inside the integral are bounded 
by (US}, (EDI, and that the function <p t -<ptis 0(t) by (fl~T0l) . On K the 
estimate (|2.10p gives 

(4.12) - Ctu y < (V=ldd<p t )\x v = (V=ldd(<p t - <pt})\ Xy < CtUJy. 

The form \f—lddr) A (uq + \/—ldd(ft) k is the pullback of a form from Y, 
and so we can use (|4.12p to estimate 



-lddri A (u + \Z=ldd<p t ) k A {toj x ) n - k - i A (y/=Tdd(<p t - <pt)) 



< 



< Cf 



and so the term (|4.11|) goes to zero. This proves our claim. 
We are then left with only the term with k = m, which is 



— / '/ 

at Jx 



n 



(u + V^iddipt) m a (tu x + V-tdd(<p t - <p t )y 



and if we expand the term (tux + V—ldd(<pt — <Pt)) n ~ 

(uo + V^idd^r a (tu x y 



we get 



1 f "(" 

at Jx \ m 



+ 



1 

at Jx 



-lddrj A (cj + \[-lddvt) m A . . . 



and the second term is zero because ddr/ is the pullback of a form from the 
base. We are then left with the term 

(4.13) - [ J n \u Q + ^ddy t ) m A(tu x ) n - m , 

at Jx \"V — 

which we need to further estimate. Using (|4.8|) we see that, up to taking a 

further subsequence, the functions ip^ converge to <p in the C l '^(K) topology, 

and ()4.10p implies that the functions <p% i also converge to (p uniformly. We 

can then rewrite (|4.13p as 

.in—m (n\ 
1 Km) 



at 



r}(u + 



x 



-ldd^t) m Au x - m . 
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Using (12. 6|) we see that as t goes to zero the coefficient converges 

to 



n—m 
X 



On the other hand we have 

+ V^idd^r a u x ~ 



X 



£ 

fc=0 



X 



„ m—k . / / Tao \fc A n—m 

rju A{V-lod(pt) Au x . 



The term with k = is independent of i, while any term with k > can be 
written as 

(4.14) / ipty/^lddrj Aoj^- k A(y/^ldd Vt ) k - 1 Auj x - m . 

Jx 

The (n, n)-form y/^Iddrj Au™~ k A (</-Lddipt) k - 1 Au n x m is supported in if 
and is uniformly bounded by (|4.9j) . and the functions ^ converge uniformly 
to 92, and so along the sequence t{ the term (|4.14p has the same limit as 



X 



x 



But this is equal to 



cptV-lddr] A cu™- k A (V-lddcp t ) K -' z A V~ldd0 A cu 



k-2 



X 



J X ' 



and repeating the same argument k — 1 times we see that along the sequence 
tj the term (|4.14p converges to 



r j uj™- k A (y/=ldd0) k A w% 



la.^k a , n—m 



X 



It follows that along the sequence ij the term (|4.13j) converges to 
fx"? 



Jx^o Au; x Jx 



rj(u + V^ldd0) m A uj n x m , 



and using (J46J), (|4.7|) we get 

f CJ n 

^. P, ,n— m a , ,"i _ Jx 1 
r/i* a; f AWn — 



n—m , 



r?(cu + V-Ldd<p) m A u 



n—m 
X 



We then integrate first along the fibers and get 



Ix^i f , 

u m 7 n-m V{"Y + 



x 
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and since uj y is cohomologous to u^sF,y, we get 

/ = J?"* [ v(uy + v^iod^r, 

which is just the weak form of (|4.3p . This shows that any weak limit Cj of u>t 
as t — > satisfies (|4.3j) weakly, and we have already remarked that we can 
write Cj = ujy + \/—ldd0 with (p in L°°. By Kolodziej's uniqueness of L°° 
weak solutions of g3D (see |ST2l Theorem 3.2] and [EGZU lZ]). we must 
have tp = if), and so the whole sequence u>t converges weakly to oj as t — > 0. 
Then the bound (|2.9p implies that ft actually converges to if) in the C\f c 
topology on X\S. □ 



5. Examples and remarks 
In this section we give some examples where Theorem 11.21 applies. 



The easiest example is a complex torus X of dimension n fibering over 
another torus Y of lower dimension m. The fibers are also tori and they are 
all biholomorphic. In this case Ricci-flat metrics are just flat, and they can 
be identified with constant positive definite Hermitian n x n matrices. If 
we degenerate the Kahler class on X to the pullback of a Kahler class from 
Y, the matrices converge to a nonnegative definite matrix whose kernel 
generates the tangent space to the fibers. So the fibers are shrunk to points 
and the flat metrics on X converge to the flat metric on Y in the given 
class. This is of course compatible with Theorem 11.21 because in this case 
the Weil-Petersson metric is identically zero, and the set S of singular fibers 
is empty. 

To see a more interesting example, let X be an elliptically fibered K3 
surface, so X comes equipped with a morphism / : X — » P 1 with generic 
fibers elliptic curves. Then the pullback of an ample line bundle on P 1 gives 
a nef line bundle L on X with Iitaka dimension 1. In the case when all 
the singular fibers of / are of Kodaira type I\, Gross- Wilson have shown 
in |GW] that sequences of Ricci-flat metrics on X whose class approaches 
ci(L) converge in C°° on compact sets of the complement of the singular 
fibers to the pullback of a Kahler metric on P 1 (minus the 24 points which 
correspond to the singular fibers). Their argument relies on explicit model 
metrics that are almost Ricci-flat, and it is not well-suited to generalization 
to higher dimensions. More recently Song-Tian [STlj gave a more direct 
proof of the result of Gross- Wilson and they noticed that the limit metric 
has Ricci curvature equal to the Weil-Petersson metric. Our Theorem 11.21 
applies in this example, as well as in higher dimensions. 

One can easily construct examples of higher-dimensional Calabi-Yau man- 
ifolds that are algebraic fiber spaces, to which Theorem 11.21 applies. For ex- 
ample the case of Calabi-Yau threefolds is studied extensively in [O], where 
many examples are given. 
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